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Abstract. We give a formula for Alexander polynomials of doubly primitive 
knots. This also gives a practical algorithm to determine the genus of any 
doubly primitive knot. 



1. Introduction 

Let S be a standardly embedded closed orientable surface of genus two in the 
3-sphere S 3 . Then S 3 is divided into two handlebodies H and H' of genus two 
by S. Let K be a non-trivial knot in S 3 , which lies on S. Then K is said to be 
doubly primitive if K represents a free generator of both iri(H) and iri(H'). This 
notion was introduced by Berge pQ, and he observed that every doubly primitive 
knot admits Dehn surgery which yields a lens space. Moreover, he suggested that 
if a knot admits such Dehn surgery then the knot is doubly primitive. See also 01 
Conjecture 4.5] and Problem 1.78]. Thus it is not too much to say that doubly 
primitive knots constitute one important class of knots. 

Recently, Ozsvath and Szabo JJ| gave strong restrictions on the Alexander poly- 
nomials of knots which admit lens space surgeries by using knot Floer homology. 
However, as they commented, their condition is not sufficient. For example, the 
Alexander polynomial of the knot IO132 satisfies their condition, but this knot has 
no lens space surgery. Also, such restrictions are obtained in El El El ■ In this 
paper, we will give an explicit formula for the Alexander polynomials of doubly 
primitive knots, and recover Ozsvath and Szabo's condition. Although we need to 
know the description of the dual knot, defined below, of a doubly primitive knot, 
it is easy to calculate the Alexander polynomial by hand or computer. 

To state the result, we describe the parameters of doubly primitive knots. Let 
K be a doubly primitive knot in S 3 . Suppose that K lies on S as above. Then 
SndN(K) consists of two essential loops on dN(K), where N(K) denotes a regular 
neighborhood of K . The isotopy class 7 of one of these loops is called the surface 
slope with respect to the pair (S,K). As Berge observed, 7-Dehn surgery on K 
yields a lens space. Since the surface slope depends on the position of K on 5, it 
is not unique in general. In fact, any doubly primitive knot admits at most two 
surface slopes. For, a surface slope corresponds to an integer in the usual way 
([12|). and any non-trivial knot admits at most two integral slopes which yield lens 
spaces by [H1E3J- Suppose that the 7-surgered manifold if (7) on if is a lens space 
L(p, q). (We can assume that < q < p.) Let K* be the core of the attached solid 
torus of if (7). We call it the associated dual knot of K with respect to (S, K). Let 
(Vi, V2) be a genus one Heegaard splitting of L(p, q). A properly embedded arc t in 
Vi is said to be trivial if t is isotopic into dVi. Then Berge £Q proved that K* can 
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be expressed as the union of two trivial arcs in V\ and Va. (Unfortunately, Berge's 
paper is unpublished, but the proof can be found in 53 ■) Furthermore, K* is 
isotopic to a knot K(L(p, q); k) in L(p, q) for some integer k, 1 < k < p, which will 
be defined in Section For the doubly primitive knots constructed by Berge in 
PP, which are expected to give all doubly primitive knots, there is a way to obtain 
such a presentation [T4] . 

For the triplet (p, q, k), we define a Laurent polynomial. For i S {0, 1, 2, . . . ,p — 
1}, let ^>(i) be the unique number such that ^(i)q = i (mod p) and 1 < ^>(i) < p. 
Let $(i) = t){j | *f?(j) < ^/(i) and 1 < j < k — 1}, where fl means the cardinality. 
Then put 

fc-i 

= £*(*)p-*w* 

i=0 

and [k] = t fc_1 + t k ~ 2 H h t + 1. 

Theorem 1.1. Let K be a doubly primitive knot in S 3 . For a surface slope 7 of 
K, suppose that K("f) — L(p,q). Let K(L(p,q);k) be the associated dual knot in 
L(p,q). Then the Alexander polynomial A^-(i) of K is equal to F(t)/[k], up to 
multiplication by a unit ±t n . 

Once we have (p,q,k), it is easy to calculate F(t). We will demonstrate some 
calculations in Section 

Ozsvath and Szabo |11| showed that any doubly primitive knot is fibered. Hence 
the degree of the Alexander polynomial of a doubly primitive knot K is equal to 
twice the genus g{K). Thus our theorem gives a practical algorithm to determine 
the genus of any doubly primitive knot. 

The following recovers the condition by Ozsvath and Szabo ^2 Corollary 1.3]. 

Theorem 1.2. Let K be a doubly primitive knot in S 3 . Then the Alexander poly- 
nomial of K has the form 

m 

A K (t) = i + Y / (-^Y(t n ' +t~ ni ) 

i=l 

for some sequence < n\ < ni < ■ ■ ■ < n m . 

2. Standard position 

Let if be a doubly primitive knot on S as in Section ^ Suppose that K has 
the surface slope 7 with respect to (S, K), and K(j) = L(p,q). Let (14, V2) be a 
genus one Heegaard splitting of L(p,q). Figure ^ shows V\ with its meridian disk 
Di and dDi on dV%, where D2 is a meridian disk of V2. We assume that dD-i gives 
a (p, g)-curve on dV\ with the indicated orientation. 

The intersection points of <9Di and dD2 are labelled Pq, Pi, ... , P p -i successively 
along the positive direction of dD\. Let k € {1, 2, . . . ,p— 1}. For i = 1, 2, let if be a 
simple arc in Di joining Pq to Pk- Then the knot t\ Ut* is denoted by K(L(p, q);k). 
In Figure n a projection of t\ on dV\ is illustrated. 

For i £ {0, 1, 2, ... ,p — 1}, let fy(i) be the unique integer such that ^f(i)q = i 
(mod p) and 1 < vp(i) < p, and let = | < and 1 < j < fc - 1} as 
in Section^ Although the function ^f(i) does not depend on fc, $(i) depends on k. 
We call the sequence {nq (mod p)}„ =1 the ftasic sequence. Then indicates the 
position of i in the basic sequence. For convenience, let ^(p) — p and $(p) = fc — 1. 
Thus \& determines a permutation on the set {1, 2, . . . since p and q are coprimc. 
We remark that $(k) = \E , Pj(? (fc) and <£>(fc) = $ p g (fc) in the notation of 13 . Saito 
1 131 Theorem 4.5] shows that — k-^(k) — ±1 or ±1— p. In fact, this condition 



DOUBLY PRIMITIVE KNOTS 



3 




Figure 1. 



is necessary but not sufficient for a knot K(L(p, q); k) to admit an integral surgery 
yielding S 3 . In particular, we have: 

Lemma 2.1. p and k are coprime. 

3. Presentation of knot group 

For i e {1,2,... ,p}, let 

J 1 ^ there is some integer < j < k with j = iq (mod p). 
1 otherwise. 

We remark that exactly k terms are non-zero among {E(i)}. 

Lemma 3.1 (JJ). Let G = 7ri(L(p, q)— K(L(p, q);k)). Then G has a presentation 
(X,Y | R(X,Y)), where R(X,Y) = W p i=1 {XY E ^) and the abelianizer a ; G -► Z = 
(t) sends X to t~ k and Y to t p . 

Let F — (X,Y) be the free group generated by {X, Y}, and let <fi '■ F ~~ * G = 
Fj (R(X,Y)) be the canonical homomorphism. The unique extensions of <p and a 
to the group rings are denoted by the same symbols. Then the Alexander matrix 
of the above presentation of G is 

(Fx® Fy(t)) = (a^-W 1 ) aH^W 2 )). 

Thus the Alexander polynomial Ak (t) is the greatest common divisor of Fx (t) and 
F Y (t) (cf. El). 

Lemma 3.2. ^g^l = 1+E^i Il$=i Xym ond = £Li E(i)(TK 

Proof. This is a straightforward calculation. See □ 

Suppose E(ij) ^ for ij, where i\ < %2 < ■ ■ ■ < ik- For convenience, let io = 1 
when ii > 1. Notice that ik = P- 

Let s(i) = Ej— l and c(i) = — ik + ps(i). Then s(p) = k and c(p) = 0. 

Lemma 3.3. F x [t) = ELi tc(i) and F y(t) = E*=i i cfe)_p - 

Proof. By Lemma El iM*) = 1 + Ei=i lX=i t~ k + E ^)p = 1 + E^Ti £- ifc +P s M = 
Similarly = E^idllCi' XY E W)X, and hence Py(t) = 

Ej=i t~ ljk+ ( : >~ 1 ) p . Since c(iy) = —ijk + ps(ij) = —ijk+pj, we have i*V(i) — 
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For positive integers h and n, we define [h] n = t^ h ^™ + t^ h 2 )" H + t n + 1. 

In particular, [h] = t h ~ x + t h ~ 2 H h t + 1. 

Lemma 3.4. [p] divides Fx(t), and [fc] divides Fy(t). 

Proof. Let £ ^ 1 be a p-th root of unity. Then Fx(0 = X)f=i C~ lk = 0, since p 
and fc are coprime. Hence [p] divides Fx(t). 

Similarly, if £ ^ 1 is a fc-th root of unity, then i*V(£) = £ J= i C'-"' -1 ^ = 0, since 
p and fc are coprime again. Thus [k] divides Fy(t). □ 

By Lemma l3~4l we can set Fx{t) = [p] fx(t) and Fy(t) = [fc] fy(t). Since p and 
fc are coprime by Lemma 12. II two polynomials [p] and [k] are also coprime. Hence 
the greatest common divisor of Fx (t) and Fy (t) coincides with that of fx (t) and 
fr(t). 

Let d = min{c(i) | 1 < i < p} and e = imn{c(ij) — p | 1 < j < k}. Consider the 
polynomial Gx(t) = t~ d Fx(t). Hence the lowest degree of the terms in Gx{t) is 
zero. Then G x (t) = £Li £ cW ~ d by LemmalO A term t c ^- d of G x (t) is said to 
be excessive if c(i) —d> p. Similarly, let Gy(t) — t~ e Fy(t). Then the lowest degree 
of the terms in Gy(t) is also zero, and Gy(t) = Y,)=i t c ^^-P- e . A term ^O-p-e 
of Gy(t) is said to be excessive if c(ij) — p — e > k. For a term t c ^ j ^ p ~ e of Gy (£), 
let d(ij) be the unique integer such that < d(ij) < k and c(ij) — p — e = d(ij) 
(mod fc). Then (c(ij) — p — e) — d(ij) = m(ij)k for some m(ij) > 0. This integer 
m(ij) is called the multiplicity of the term. In particular, m(ij) — for a non- 
excessive term. Since Gy(t) contains a constant term, m(ij) = for some j. 

The next two propositions will be proved in Section 

Proposition 3.5. r e jy(i) = 1 + (t - 1) £ m(i ,)>o t d ^ [m(i,)] k . 
Proposition 3.6. t- d f x (t) = 1 + (t - 1) £ m(i . )>0 t d ™ [mfe)] fe . 

Proof of Theorem \l.l\ By Propositions l3 . 5l and l3 . 61 the Alexander polynomial A^(t) = 
fy(t) = Fy(t)/[k]. Hence it suffices to show that F(t), defined in Section coin- 
cides with Fy(t). 

Let \E'~ 1 be the inverse of the permutation ^> . Then ?2, • ■ ■ , ik} = 

{0,1,2,...,* - 1}. Since = j - 1, c(i,) -p = (-ijk + jp) - p = 

-ijk + $(>3>~ :L (i ) ))p. Hence 

fc-i fc 

i=0 j=l 
k 

= Y^t c ^~ p = Fy(t) 
3 = 1 

by Lemma f3. 31 This completes the proof of Theorem ll.il □ 

Similarly, we can show that F x (t) = Y%=o t (1_ * W)fc+ * Wp . Thus the Alexander 
polynomial Ak (i) is also equal to Fx (t) / [p] . But it is simpler to use Fy (<) / [fc] for 
a calculation, because fc < p. 

4. Degree sequences 

If 1 < a < b < p, then the interval [a, b] means the set {i : a < i < b} C 
{1, 2, . . . , p}, and [b, a] means {i : b < i < p or 1 < i < a}. Moreover, if 1 < a < 
p < c < a + p, then let [a, c] — [a,p] U [1, c — p\. Thus [a, c] = [a, c — p]. 

Lemma 4.1. (1) Let j 6 {0,1,2,. ..,fc — 1}. On the interval [ij,ij+\ — 1], 
c(i) = —ik +pj, and c(ij + i) = c(ij + i — 1) +p — k. (Here, i\ — 1 = ife i/ 
*l = l.) 
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(2) {c(i) | 1 <i<p} = {0,l,2,...,p-l} (modp). 

(3) Let i a < i < i a+ i for a G {0, 1, 2, . . . , k — 1}. Then c(i) = c(ij) — (i — ij)k + 
(a-j)p for 1 < j < k. 

Proof. (1) On the interval — 1], s(z) = j. Hence c(i) = — ifc + pj. Since 

s (*j+i) = i + 1) c (*i+i) = -ij+i k +v(i + 1) = c(ij+i - 1) H-p- k. 

(2) Since c(i) = — ik (mod p), the conclusion follows from the fact that p and k 
are coprime. 

(3) From (1), c(i) — —ik+pa and c(i a ) — ~i a k+pa. Hence c(i) = c(i a ) — (i—i a )k. 
If a > 2, c(i tt ) = c(i _i) - (i a - i a -i)k+p, so c(i) = c(i a _i) - (i — i a -i)k+p. Thus 
we have c(i) = c(ij) — (i — ij)k + (a — j)p for 1 < J < a. 

From (1), c(i a+1 ) = c(i a+1 - 1) + (p - k) = c(i) - (i a+1 - l-i)k+p-k = 
c{i) - (i a+ i - i)k + p. Thus c(i) = c(i a+1 ) - (i - i a +i)k - p. For j > a + 2, 
c(ij) = c(i a+ i)-(ij-i a+ i)k+(j-a-l)p. Hence c(i) = c(ij)-(i-ij)k+(a-j)p. □ 

Thus the degree sequence {c(i)}|_ 1 of Fx(t) increases by p — k at ii,i2, ■ ■ ■ ,ik> 
and decreases by k elsewhere. 

Lemma 4.2. {d(h), d(i 2 ), ■ d(i k )} = {0, 1, 2, . . . , k - 1}. 

Proof. Assume = d(ih]- Then c(i/) = c(i/j) (mod fe). Since c(ij) = pj 

(mod k) and c(ih) = ph (mod k), we have pj = ph (mod k). Thus j = h, be- 
cause p and k are coprime. Hence {d(ii), dfo), ■ ■ ■ , c£(*&)} = {0, 1, 2, . . . , k — 1}. □ 

Proof of Proposition 13.51 By Lemma 14.21 

fe fe 

J=l i=l m(ij)=0 m(i,)>0 

— [fc] + E {t d ^ +m ^ k — t d ^^) = [k] + (tfn(ij)k _ ^ 

m(ij)>0 m(ij)>0 

= [*]+£ ^W(t-i)Kii)f = w(i + («-i) E 

m(ij)>0 m(ij)>0 

Since GV(i) = t~ e Fy{t) — i _e [fc]/y(i), we have the conclusion. □ 
To prove Proposition 13.61 we need some technical lemmas. 

Lemma 4.3. Let m(ij) > and n > 0. 

(1) c(ij) — d — nk > p if and only if n < m(ij) — 1. 

(2) E™io )_1 £ G ^)- d -" fe -P = t d ^[m{i j )] k . 
Proof. (1) First, we claim 

Claim 4.4. d = e + k. 

Proof of Claim \4~^\ By Lemma 14.11 d = c(ig — 1) for some £, and e = c{ii) — p. 
Since c(^) = c(ji — 1) + (p — k), e + p = d + (p — k). □ 

By Claim l4~4l c(ij)— d—nk—p = (c(ij)—p—e) — (n+l)k = d(ij)+(m(ij) — l—n)k. 
Thus c(ij) — d — nk — p>0if and only if m(ij) — 1 > n. 
(2) 

m(ij) — l 

^ y j-c(ij) — d—nk—p j.d(ij)-\-(rn(ij) — l)k _|_ j_d(ij)-\-(m(ij)—2)k _j_ . . . _j_ jd{i 3 )-\-k _j_ ^d{ij) 

— £d(y) (+(m(ij)-l)k f-(m{ij)-2)k _(_ . . , _|_ ^fe _|_ ^) 
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□ 

Let £ = {i : the i-th term of Gx(t) is excessive}, and let £' be its complement 
in {1, 2, . . . ,p}. Since Gxif) contains a constant term, £' ^ 0. Then 

G x (t) = tc(i) ~ d + tc[t) ~ d - 

Consider a partition of £ as follows. Let W(h) — {i : hp < c(i) — d < (ft + l)p} for 
a positive integer ft, and let £ = W{1) U W(2) U • • ■ U W{1). 

Lemma 4.5. £<k — l. 

Proof. By Lemma [4. II the sequence {c(i)}f =1 increases only k times. (If i\ = 1, 
then count c(ik) — ► c(ii).) Thus degGx(i) < &(p — fc) < fcp. □ 

Lemma 4.6. Let i E £, and let A = {j : m(ij) > and i £ + m(ij) — 1]}. 

Tften i £ W^ft) «/ and oniy i/tt-^ = h. 

Proof. Choose the biggest i a with i a < i among 12, ■ ■ ■ , ik}- (If i < i\, then let 
i a = ik-) 

Assume i £ W(h). Then hp < c(i) — d < (h+ l)p. We distinguish two cases. 
Case 1: a > h. 

For j £ {0, 1, . . . , ft - 1}, c(i) - d = c(i a -j) - e - (i - i a -j + l)k + jp by 
Lemma r4.1f 3') and Claim l4~4l Hence c(i a -j) — e — (i — i a -j + l)k + jp > hp, giving 
c(i a -j) — p — e > (i — i a _j + l)fc > /c. Hence m(i a -j) > 0. 

Furthermore, c(i a _j) — p — e = d[i a -j) + m(i a -j)k > [i — i a _j + l)k gives 
(1 + m(z a _j))fc > (i — i a _j + l)fe, since d{i a -j) < k. Thus m(i a -j) > i — i a -j, so 
i £ [z a _j, + m(i a _,-) - 1]. 

Since c(i) = c(i a - h )~(i-i a - h )k + hp, c(i)-d-hp = c(i a -h)—d—(i—i a -h)k < p. 
Then i — j a _/, > m(i a _/j) by Lemma |4.3f 1). That is, i > i a -/i + m{ia-h)- Hence 
A={a-j : 0<j<h-l}. 

Case 2: a < ft. 

For 1 < j < a, we can show that m{ij) > and i £ + rn^ij) — 1] exactly 

as in Case 1. By Lemma 14. II c(i) — c(ik) — ik + ap. If a = ft, then c(jk) — d — ik — 
c(i) — d — hp < p. Thus i > m(i k ) by Lemma l4~3T lL Hence A = {1, 2, ... , /i}. Thus 
we suppose a < h. Consider for j = 0, 1, 2, . . . , h — a — 1. By Lemma 14.51 ft- < 
I < k—1. Hence k— (h— a— 1) > a+2. Thenc(i) = c(ik-j)~(i—ik-j)k+(a—(k—j))p 
bv Lemma l4.1f 3L Thus c(ifc_j)— p— e = c(i) — cZ— (j'+a+l)p+(i+p— ik-j+l)k > k, 
so m(ik-j) > 0. 

Also, c(ik-j)—p — e = d(ik-j) + m(ik-j)k > (i+p—ik-j + l)k gives m(ik-j) > i + 
p—ik-j- Therefore i < ik-j+m(ik-j)—p, which means i £ [ik-j, ik-j+m(ik-j)— !]■ 

Finally, c(«) = c(i /c _ /l+a ) - (i - i k -h+a)k +(a-(k~h + a))p = c(i k -h+a) - (i - 
ik-h+a)k+(h-k)p. Then c(i)-d-hp = c{i k -h+a)-d- {i+p~i k -h+a)k < p. By 
LemmalOIl), i + p - ife-h+a > m(i k -h+a)- That is, i > ife-h+a + m(i k - h+a ) - p. 
Hence |J^4 = h. 

Conversely, if %A — h, then we can verify that A = {a — j : < j < h — 1} if 
a > h or A = {k - j : < j < h - a - 1} U {1, 2, . . . , a} if a < h. 

In the former, c(i) = c(i _/j + i) — («— i a _/ l+ i)A;+(/i-l)p. Since c{i a -h+i)—d—{i— 
i a -h+i)k > p by Lemma|13Il), c(i)-d-hp = c(i a - h+1 )-d-(i-i a - h+1 )k-p > 0. 
Thus c(i) - d > hp. If c(i) - d > (ft + l)p, then a - h £ A if a > ft, or k £ A if 
a = ft, a contradiction. Hence i £ VF(ft). 

If a < ft, then c(i) = c(z fc _ /l+Q+ i) - (i - i k -h+a+\)k + (a - (k - ft + a + l))p = 
c{i k -h+a+i) - (i - i k -h+a+i)k + (ft - k - l)p. Since c(i k ^ h+a+1 ) - d - (i + p - 
i k -h+a+i)k > p, c(i) -d-hp = c{i k -h+a+i) - d - (i + p - ik-h+a+i)k - p>0. If 
c(i) — d > (ft + l)p, then k — ft + a £ A, a contradiction. Hence i £ W(h). □ 
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Proof of Proposition^^ Let R(t) = J2 ie£ £ c(l) ~ d . Then 

R(t) = t p y t c ^- d - p +t 2p J2 t c ^- d - 2p + ■ ■ ■ + & y t c ^- d - £p . 

i£W(l) ieW(2) i£W(£) 

Thus 

G x (t) = \p]+R(t)-( Y t c ^- d - p + Y t c ^- d - 2p + ■ ■ ■ + Y t c ^- d - 

iew(i) iew(2) iew(i) 

= [ P ] + {t p -i) y t c ^- d - p + (t 2p - 1) Y t c(i) - d - 2p + . . . 

ieW(l) i£W(2) 

... + ( t £p -i) y t c ^- d - tp 

= \p](l + (t-l) J2 t c{l) - d - p + {t - l)[2] p J2 t c ^- d ~ 2p + ... 
iew(i) iew(2) 

■ ■ ■ + (t - i)[£] p y t c ^- d - ip \ 

= \p](l + (t-l)([l] p t c ^- d - p + [2f J2 t c ^- d - 2p + . . . 

^ ieW(l) i£W{2) 

■ ■■+[£}? J2 t c ^- d - ep ^ 

iew{t) 

Let S h {t) = [h] p ^w(h) tc{l) ~ d ~ hp for 1 < /i < 1 Since G x {t) = t- d F x {t) = 
t~ d [p]fx{t), we have t- d f x (t) = G x {t)/[p}. Thus it suffices to show that Y?h=i S h{t) = 

First, 

s h (t) = (t^-i) P + t (h-2) P + ... +t p + 1 ) Y t c ^- d ~ hp 

i£W(h) 

= t c(i)-d-p + Y t c(i)-d-2p _| |_ Y fc(i)-d-hp^ 

ieW(h) iew(h) iew(h) 

Suppose i e W(h). Let A — {j : m(ij) > and i e + m(ij) — 1]}. 

By Lemma 14.61 flA = h. Let i a be the biggest in A as in the proof of Lemma 
ETH1 Recall that A = {a - j : < j < h - 1} if a > h or A = {k - j : < j < 
h-a-l}U{l,2, ...,a}ifa<h. Then t c ^- d ~P appears in t d ^ [m{i a )] k by Lemma 
IOT21. Similarly ^(i)-d-2p appears m [ m (i a _i)] fe if a > 1, or [m(i fe )]' £ 

if a = 1. Continuing this, we see that t c ^' d ^ p , ^c(t)-d-2 P ^ _ _ ^c(%)-d-hp a pp ear m 
^ jGj4 t d ^j^ [m(i J )] fe and the correspondence is one-one. 

Conversely, let m(ij) > 0, and choose a term t c w)- d -p- nk i n [m(i J -)]' s . Let 
i = ij + n. Then c(i) — d — c(ij) — d — nk > p by Lemma l4.3f 1). Hence i £ 
for some h. Thus the term t c ( l i)- d -p~ nk appears in Sh(t). □ 

Remark 4.7. A computer experiment suggests that £ = W(l), that is, degGx(i) < 
2p. If this is true, then the proofs of Lemma 14.61 and Proposition 13.61 would be 
greatly simplified. 



5. Proof of Theorem 11.21 

Let {ai, a2, ■ ■ ■ ,a,h} — {ij : Tn(ij) > 0} and a\ < 02 < ■ ■ ■ < ah- By Propositions 
ESandEni the Alexander polynomial of K has the form 1) Y% =1 t d ^ [m(a l )]' c = 

\ + (t — I) ^ /l _ i (i< i ( a .) + ( m ( a >)-l)*: 4. fd( ai )+(m(ai)-2)k . . . _|_ jd(oi)+fe + t d ( ai '). Let 
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Ui = {d(di) + (m(a,i) — j)k : 1 < j < m(<2j)} and Vi — {d(a,i) + (rn(a.j) — j)k + 1 : 
1 < j < m(ai)} for 1 < i < h. Also, let U = vfi l=x Ui and V = U^V^. 

Lemma 5.1. If i ^ j. then Ui n Uj — 0, and hence Vi<~)Vj = 0. 

Proof. Since any element of Ui is congruent to d(a,i) modulo fc, the conclusion 
immediately follows from Lemma f4. 21 □ 

Lemma 15 . II implies that any coefficient in Ax{t) is ±1. 

Lemma 5.2. The elements o/WUV - (hi l~l V) have the order u\ < v\ < 1*2 < V2 < 
■ ■ ■ < u m < v m , where Ui £lA and Vj € V. 

Proof. Let u\ = min{d(ai) : 1 < i < h}. Then u\ is the minimal number of Li 
and u\ ^ V, but u\ + 1 G V. If «i + 1 ^ then let v\ — U\ + 1. Otherwise, 
i*i + 2 e V. If ui + 2 then let v\ = u\ + 2. Continuing this process, we finally 
find vi € V — U satisfying that u\ < v\ and there is no element of U U V — (U n V) 
between ui and ui. The same argument shows that for any a £ W - V, the next 
element appears in V. Since U and V have the same cardinality, the elements of U 
and V must alternate. □ 

Proof of Theorem M Since Gy(t) contains a constant term, the corresponding 
rf(ij) is zero. Hence d(ai) ^ for 1 < i < h. This means u\ ^ 0. Thus the set 
W U V - (W fl V) gives all degrees of the terms in A^(f) except the constant term 1. 

Thus A K (t) = 1 - t Ul + t Vl t Um + t Vm . From the reciprocity of Alexander 

polynomials ([2]), this completes the proof of Theorem 1 1.21 □ 

6. Examples 

Example 6.1. Let K be the right-handed trefoil. Then 5-surgery on K yields 
L(5,4). The associated dual knot is K(L(5,A);2) as shown in [181 Example 5.1]. 
Set p — 5, q — 4 and k = 2. Let us consider the basic sequence 

{nq} 5 n=1 : 4, 3, 2, 1,0. 

Then ^(i) is equal to the position of i in this sequence, and is equal to the 
number of terms smaller than k before the term i in the sequence. See Tabled 



Table 1. 



i 





1 




5 


4 




1 







-5 


-8 



ThusF(i) =t- 5 + t- 8 =i- 8 (i 3 + l). Since [fc] = [2] =i + l, A K (t) =F(t)/[2] = 
t- 8 (£ 2 - t + 1) ^ t 2 - £ + 1. 

Example 6.2. Let be the (— 2, 3, 7)-pretzel knot. It is well known that 18- 
surgery on K yields L(18, 5). In fact, K is doubly primitive, and the associated dual 
knot in L(18, 5) is K (£(18, 5); 7) as shown in 13, Example 5.2]. Set p = 18, q = 5 
and k — 7. Then the basic sequence is 

{nq}n=i ■ 5, 10, 15, 2, 7, 12, 17, 4, 9, 14, 1, 6, 11, 16, 3, 8, 13, 0. 

Thus we can calculate ^(i) and as in Table[5] 

Hence F(t) = t~ 23 (t 5 + 1 + t 13 + t s + 1 3 + t w +t 11 ). Since [k] = [7] = t 6 + t 5 + 
< 4 + t 3 + t 2 + t + 1, A K (t) = F(t)/[7] = 1 - t + t 3 - r 4 + t 5 - t 6 + t 7 - t 9 + t w . 
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Table 2. 



i 





1 


2 


3 


4 


5 


6 




18 


11 


4 


15 


8 


1 


12 


*(*) 


6 


3 


1 


5 


2 





4 




-18 


-23 


-10 


-15 


-20 


-7 


-12 



References 

1. J. Berge, Some knots with surgeries yielding lens spaces, unpublished manuscript. 

2. R. H. Crowcll and R. H. Fox, Introduction to knot theory, Ginn and Co., Boston, Mass. 1963. 

3. M. Culler, C. McA. Gordon, J. Luecke and P. Shalen, Dehn surgery on knots, Ann. of Math. 
125 (1987), 237-300. 

4. C. McA. Gordon, Dehn filling: a survey, in Knot theory (Warsaw, 1995), 129—144, Banach 
Center Publ., 42, Polish Acad. Sci., Warsaw, 1998. 

5. T. Kadokami, Reidemeister torsion of homology lens spaces, preprint. 

6. T. Kadokami and Y. Yamada, A deformation of the Alexander polynomials of knots yielding 
lens spaces, preprint. 

7. T. Kadokami and Y. Yamada, Reidemeister torsion and lens surgeries on (— 2, m,n) -pretzel 
knots, preprint. 

8. R. Kirby, Problems in low- dimensional topology, Edited by Rob Kirby, AMS/IP Stud. Adv. 
Math., 2.2, Geometric topology (Athens, GA, 1993), 35-473, Amer. Math. Soc, Providence, 
RI, 1997. 

9. P. Kronheimer, T. Mrowka, P. Ozsvath and Z. Szabo, Monopoles and lens space surgeries, 
preprint, arXiv:math.GT/0310164. 

10. L. Moser, Elementary surgery along a torus knot, Pacific J. Math. 38 (1971), 737-745. . 

11. P. Ozsvath and Z. Szabo, On knot Floer homology and lens space surgeries, preprint, 
arXiv:math.GT/0303017. 

12. D. Rolfsen, Knots and links, Mathematics Lecture Series, 7, Publish or Perish, Inc., Berkeley, 
Calif., 1976. 

13. T. Saito, Dehn surgery and (1, l)-knots in lens spaces, preprint. 

14. T. Saito, The dual knots of doubly primitive knots, preprint. 

College of General Education, Osaka Sangyo University, Nakagaito 3-1-1, Daito, 
Osaka 574-8530, Japan 

E-mail address: ichlharaaias.osaka-sandal.ac.jp 

Department of Mathematics, Graduate School of Science, Osaka University, Machikaneyama 
1-1, Toyonaka, Osaka 560-0043, Japan 

E-mail address: saito@gaia.math. wanl . osaka-u. ac . jp 

Department of Mathematics and Mathematics Education, Hiroshima University, Kagamiyama 
1-1-1, Higashi-hiroshima, Japan 739-8524. 
E-mail address: teragaiShiroshima-u.ac.jp 



